A continuation method, accompanied with a linear stability analysis, is employed to investigate the bifurcation diagram of the flow solutions, as well as the multiple flow states in a cavity with different aspect ratios for parallel motion of two facing lids. The Reynolds number proportional to the wall velocity is used as the continuation parameter, and the evolution of the bifurcation diagrams in cases with different aspect ratios is illustrated. The induced flow patterns are highly dependent upon both the aspect ratios and the moving velocity of the walls. Three different types of bifurcation diagrams and their corresponding flow states are classified according to the aspect ratios. One stable symmetric flow state and one stable asymmetric flow state are identified. The stable asymmetric flow state is obtained at a high aspect ratio and a low Reynolds number. Meanwhile, the regions of stable and unstable flows are distinguished according to the different aspect ratios.
INTRODUCTION
Cavity flow driven by moving boundaries is not only technically important, but also of great scientific interest. Although the problem seems simple, it reveals the complex phenomena of vortex dynamics, hydrodynamic stability, flow bifurcation, etc. Cavity flow was often found in certain engineering applications, such as shortdwell coating, removal of species from structured surfaces and mixing and flow in drying devices, and was studied in academic research as well. Classic cavity flows are usually driven by either one-sided or twosided facing lids moving in tangential directions. One-sided lid-driven cavity flow has been extensively studied in literature [1] [2] [3] [4] .
For the two-sided lid-driven cavity flow which is induced by two facing sides moving with the same velocities in opposite directions to each other, Kuhlmann et al. [5, 6] employed experimental and theoretical methods to investigate the induced two and threedimensional flows in the cavity, and found that the existence of multiple two-dimensional steady flows depends upon the cavity aspect ratio and the wall driving velocities. Albensoeder et al. [7] used a numerical method to investigate the two-sided lid-driven cavity flows, and identified the stability of the found nonunique steady flows. Alleborn et al. [8] investigated a two-dimensional flow in a two-sided lid-driven cavity in which a temperature gradient was established and thermal transport was generated. Albensoeder and Kuhlmann [9] performed a linear stability analysis to show that the two-dimensional flow becomes unstable in different modes, depending on the cross-sectional aspect ratio and Reynolds number.
Blohm and Kuhlmann [10] employed Laser-Doppler and hot-film techniques to measure steady and time-dependent vortex flows which occur at higher Reynolds numbers. Yang and Luo [11] investigated the multiple twodimensional steady flow solutions in the cavity flow with heat transport and the flow transitions between the found stable solutions; they established a thumb-shaped boundary line which identifies a restricted region of a stable solution in terms of the Grashof and Reynolds numbers.
Albensoeder and Kuhlmann [12] employed linear stability to investigate the flows driven by the parallel motion of two facing walls in a rectangular cavity by a finite volume method, in order to establish critical curves in terms of the critical Reynolds number on the aspect ratio. The results indicated that, while the two facing sides of the cavity move with constant velocities in the same direction, a stable two-vortex flow can be induced, in which the vortices adjacent to the upper and bottom walls of the cavity rotate, respectively, in clockwise and counterclockwise directions. With the variation of the Reynolds number, the symmetry of the two-vortex flow state can be broken via the symmetrybreaking bifurcation points, and a stable asymmetric flow state formed.
Recently, Chen et al. [13] investigated the flow bifurcations in a two-sided lid-driven cavity with different aspect ratios for anti-parallel motion by the continuation method. The evolution of the bifurcation diagrams in cases with different aspect ratios was illustrated. Two stable symmetric flows and one stable asymmetric flow were identified, and the regions of the stable flows in the aspect ratios and Reynolds numbers were distinguished. Cadou et al. [14] investigated the flow bifurcations in the two-sided non-facing lid-driven cavity and the four-sided lid-driven cavity, respectively. The critical value of the pitchfork bifurcations and hopf bifurcation were identified. Waheed [15] investigated the fluid flow and heat transfer induced by a lid driving force and a buoyancy force resulting from the temperature gradient on the vertical walls within rectangular enclosures. Noor, Kanna and Chern [16] numerically investigated the flow and heat transfer inside a square cavity with double-sided oscillating lids; they showed four different flow patterns at different frequencies for Reynolds numbers greater than 300.
In a systematic study on the respective instabilities and nonlinear pattern formations, the basic twodimensional flow solutions' dependence on the critical Reynolds number and the aspect ratio proved difficult to determine. In this study, the nonlinear steady Navier-Stokes equations were solved by following the socalled continuation method [17] . This approach was often applied to search for possible stable and unstable steady-state solutions and to construct bifurcation diagrams for different aspect ratios. Thus, the purpose of the present study was to systematically illustrate the stability of the two-dimensional solution manifold of such flows with different Reynolds numbers and aspect ratios. The evolution of the bifurcation diagrams, in terms of Reynolds numbers with aspect ratios, is presented and the regions of the stable flows in the aspect ratios and Reynolds numbers, distinguished. Figure 1 presents the geometric model and corresponding boundaries of a cavity whose height and width are signified by H and L, respectively, and with an incompressible Newtonian fluid filled within the cavity. In the study, the aspect ratio (AR) of the cavity is defined as H/L. The upper and lower walls move at the same velocity of U b in the right direction. The stationary vertical walls are considered to be solid and adiabatic. 
NUMERICAL ASPECT

Governing Equations
where Re U b L / v is the Reynolds number and v is the kinematic viscosity of the fluid. The boundary conditions of the cavity flow used in the numerical calculations are expressed as follows:
On the top wall (y H / L):
On the bottom wall (y  0):
On the left-side wall (x  0):
On the right-side wall (x  1):
The flow is driven by the upper and lower cavity walls, which move with equal velocity towards the right. Thus, the right-moving direction of the walls causes /y 1 in conditions (a) and (b). Note that the tangential derivatives of  on the boundaries are not used in the computation since it suffices to set   0. To establish the steady solution manifold of the cavity flow, it is first necessary to drop the  / t term from (2).
Numerical Method
The governing Eqs. (1) and (2) are discretized by central differences of a second order in an irregular grid system, and a system of non-linear algebraic equations is formed,
where X is the solution vector and  is the continuation parameter, which is the Reynolds number in this study. This then gives an iterative sequence, [X () ()], which is expressed as:
where G X is the Jacobian matrix of Eq. (3). When   0 a solution of the continuous problem can be obtained by numerical methods. As  deviates from zero, we can use the solution as an initial estimate of the discrete solution in the Euler-Newton method applied to Eq. (4). One way to obtain good initial estimates in the iterative sequence of Eq. (4) is to use a Taylor expansion of the solution with respect to changes in parameter :
To obtain X  , we can use Eq. (3) and it satisfies:
.
The iterative method as described in Eqs. (4) and (5) is known as the Euler-Newton continuation. In the study, the basic state solution was obtained by central differences of a second order in the irregular grid system, but a minimum value of the continuation parameter was substituted into the iteration of Eqs. (4) ~ (5) in order to successfully attain a converging solution. This method is extremely effective and usually converges quadratically; however, the method fails at points where the Jacobian matrix G X (X, ) 0 is singular. To avoid the singular points, the continuation method (Keller [17] , Yang [20] ) was introduced:
where   
The Jacobian matrix of this new system is given as follows: ( , ) .
with the Euler-Newton continuation in parameter s rather than in , it is also possible to follow the solution around singular points. A linear stability analysis was performed in order to investigate the stability of the various flow states obtained by the continuation method described above. The basic state, X 0 , identified by Newton's method during continuation is perturbed by small, timedependent quantities:
where  is a small disturbance vector. For transient solutions, a set of time-dependent equations can be derived and expressed as:
where M(X) is the mass matrix. This matrix is singular because some equations, e.g. the equations for stream function, do not possess an explicit timedependent term. Substituting Eq. (8) into Eq. (9), after collecting the linear terms of , gives the generalized algebraic eigenvalue problem:
where the matrix J  represents the Jacobian matrix of G (X, ) evaluated for a basic state solution.
The stability characteristics of the basic state, X 0 , are determined by the sign of the eigenvalue, . The basic solution is infinitesimally stable if Re{} 0 holds for all eigenvalues, , i.e., if all perturbations in Eq. (8) decay with time. However, if at least one eigenvalue exists for the case where Re{} 0, the corresponding eigenmode will grow, as t → , and the basic solution will be unstable. However, because M is singular, some eigenvalues are infinite and do not contribute to linear instability. When calculating the leading eigenvalues, it is necessary to remove these infinite eigenvalues. An effective algorithm for doing so is the shift-and-inverse Arnoldi operation (Sorensen [18] ). The generalized eigenvalue problem given in Eq. (10) can be transformed into a standard eigenvalue problem as follows:
where  is a complex shift parameter such that
This standard problem is then solved by a restarted, iterative Arnoldi method, which is essentially a sophisticated extension of the power iteration method, and which allows a number of eigenvalues,  , of largest magnitude to be calculated via ARPACK (Saad [19] ). For the detailed algorithm of the linear stability analysis, one can refer to the studies of Yang and Luo [20] , Luo et al. [21] and Chen et al. [13] .
RESULTS AND DISCUSSION
Two-dimensional steady incompressible flows in a rectangular cavity with aspect ratios (AR) ranging from 0.5 to 1.0 for Reynolds numbers from 0 to 2000, were calculated. The flow was driven by parallel moving walls, which moved with equal velocity in the same tangential direction. The Reynolds number defined in this study was proportional to the moving velocities of the walls. For this kind of cavity flow, Albensoeder et al. [9] indicated that the existent range of asymmetric flow was between aspect ratios greater than 0.5 and less than 1.1 for Reynolds numbers lower than 2000; thus, the range of aspect ratio (0.5  AR  1) was chosen. After grid independent analysis, non-equal space grid points of 91  151 stretching from all boundaries were employed for all calculations by continuation method.
Three Different Types of Flow Bifurcation in Flows with Aspect Ratios in the Calculated Range
Flow bifurcation in the aspect ratio range of 0.5 to 1 can be classified according to three different types depending on the patterns of the corresponding bifurcations. The first type of flow bifurcation is similar to that shown in Fig. 2 , which plots the value of the stream function at the cavity center with the aspect ratio of 0.57 as a function of the Reynolds number. Five segments are identified and the corresponding streamline contours of the flow patterns are illustrated in Fig. 2 . In this figure, the symbols "" and "" denote the flow state on each segment being stable or unstable, respectively. However, the labels "S" and "A" indicate that the flow patterns on the segments are symmetric and asymmetric to the horizontal center line of the cavity, respectively. The stable two-vortex flow state (S 1 ) is comprised of two symmetrical counter-rotating vortices in the upper and lower half regions existing in the range of Re 0 to Re 535. Along segment (S 1 ), the flow states were stable until point P 1, which represents a symmetry-breaking point at Re  535. After point P 1 , segment (S 1 ) is divided into three separate segments: (A 1 ), (A 2 ) and (S 2 ). Flows in segments (A 1 ) and (A 2 ) inherited the stable flow characteristics evidently in segment (S 1 ) and exhibited an asymmetric state, while the flow in segment (S 2 ) exhibited an unstable state which persisted until point P 2 (Re  1590), at which another symmetry-breaking bifurcation point was identified. Along segments (A 1 ) and (A 2 ), the asymmetry of the flow was gradually augmented, and then decreased quickly with the increased Reynolds number. When the Reynolds number was greater than 1590, only one stable symmetric state (S 3 ) existed in the range.
Along the continuation path from segments (S 1 ), (S 2 ) and (S 3 ), two separate vortices appeared adjacent to each of the moving walls in the flow patterns. The vortices adjacent to the upper and bottom walls of the cavity rotated in clockwise and counterclockwise directions, respectively, and their strength increased as the Reynolds number rose. This flow pattern is referred to as a two-vortex flow. Along the segment, the lower vortex adjacent to the lower wall grew in size and strength, causing the other vortex to shrink in size with the increased Reynolds number, and a stable asymmetric flow state formed. The asymmetry of the asymmetric flows originating from the symmetry-breaking bifurcation point P 1 gradually increased with the increased Reynolds number. When the Reynolds number was equal to 1170, the asymmetry of the flow state reached its maximum value. Then, the upper small vortex adjacent to the upper wall quickly grew in size and strength, and compressed the lower larger vortex so that it shrank in size. At point P 2 , the flow state returned to a stable symmetric flow. The flow state along segment (A 2 ) was similar to that of segment (A 1 ); however, the flow patterns of the same Reynolds number in the two segments were symmetric to the horizontal center line of the cavity.
The second type of flow bifurcation is similar to that shown in Fig. 4 , which plots the value of the stream function at the cavity center as a function of the Reynolds number for a two-sided parallel lid-driven cavity flow with AR equal to 0.877. Nine segments are identified in the flow bifurcation diagram.
Along segment (S 1 ), the flow was symmetric and stable for a Reynolds number less than 594. As the Reynolds number increased, the strength of the vortices also increased. At the pitchfork bifurcation point, P 1 (Re  594), segment (S 1 ) was divided into three separate segments: (A 1 ), (A 2 ) and (S 2 ). Along segment (S 2 ), the flow of the two vortices was symmetric, but it destabilized via P 1 . Then, with the increase in Reynolds number, the symmetric flow of the two vortices was stabilized again by the second bifurcation point, P 2 (Re  641). However, along segments (A 1 ) and (A 2 ), the flow states were also destabilized by bifurcation point P 1 and became unstable asymmetric flows with the decreased Reynolds number. Then, by the turning points, T 1 and T 2 at Re  504, the asymmetric flows stabilized again, respectively. With the increased Reynolds number, one of the two vortices grew in size and strength and compressed the other vortex, causing it to shrink. The asymmetry of the stable flows gradually augmented with the rising Reynolds number. When the Reynolds number exceeded 600, two small secondary vortices formed near the center of the right wall. With the increase in the Reynolds number, the strength of the two secondary vortices gradually increased, which resulted in the shrinkage of the two primary vortices in size. The third type of flow bifurcation is similar to that shown in Fig. 5 , which plots the value of the stream function at the cavity center as a function of the Reynolds number for a two-sided parallel lid-driven cavity flow with AR  0.9. Five segments can be identified in the flow bifurcation diagram. As no pitchfork bifurcation point existed in the primary branch (S 1 ), the flow state in the branch was stable for a two vortices flow, and the strength increased as the Reynolds number increased. Furthermore, two independent branches, unconnected to the primary branch, appeared on the two sides of the primary branch, respectively. Along the two independent branches, after the turning points, T 1 and T 2 at Re  578, the flow states became weak or were in a strong asymmetric state. The states (A 1 ) and (A 2 ) were stable, with strong asymmetric flows. However, states (A 3 ) and (A 4 ) were unstable and had weak asymmetric flows. The asymmetry of the stable flows gradually augmented with the rising Reynolds number.
Evolution of Flow Bifurcations with the Increased Aspect Ratio
When the aspect ratios were less than 0.544, no asymmetric flow state existed under the range of the Reynolds numbers considered. Figure 6 illustrates the evolution of the flow bifurcations for the cases with AR in the range of 0.544 to 0.82. In this range, the solution path for the asymmetric flow pattern formed a closed loop; it meant that, with the increase in Reynolds number, the asymmetry of the asymmetric flow was gradually augmented at first and then decreased until symmetry was regained. The type of the flow bifurcations in the range is similar to that of Fig. 2 . As AR increased, the value of the Reynolds number at the first pitchfork bifurcation, P 1 , gradually decreased; however, the value of the Reynolds number at the second pitchfork bifurcation, P 2 , gradually increased. Thus, the range of the closed loop and the existent region of the stable asymmetric flow also gradually enlarged with the increased aspect ratio. Figure 7 illustrates the bifurcation diagram for the cases with AR between 0.823 and 0.87715. For the cases with aspect ratios greater than 0.82, another pitchfork bifurcation, P 2 , could be found at higher Reynolds numbers. With the increased aspect ratio, via the bifurcation point, three different flow solutions, (A 5 ), (A 6 ) and (S 3 ), were found in the range of Reynolds numbers investigated. The type of the flow bifurcations in the range is similar to that of Fig. 4 . For the cases with AR less than 0.86, both asymmetric flow solutions (A 1 ) and (A 2 ) via bifurcation point P 1 were stable. However, for the cases with AR greater than 0.86, the asymmetric flow via bifurcation point P 1 became unstable and then stabilized via two turning points, T 1 and T 2 , respectively. With the increase in AR, the Reynolds number of the pitchfork bifurcation, P 2 , gradually decreased, and the distance between bifurcation points P 1 and P 2 was gradually reduced. The symmetric flow solution, S 2 , between P 1 and P 2 was unstable. For the case with AR equal to 0.877, the two pitchfork bifurcations, P 1 and P 2 , overlapped. Figure 8 illustrates the bifurcation diagram for the cases with AR greater than 0.8772 and less than 1. The difference between Figures 7 and 8 is obvious. In Fig. 7 there are two pitchfork bifurcation points, while in Fig. 8 the two bifurcation points "collide" and disappear. As AR increased, the asymmetry of the stable asymmetric flow was gradually augmented, and the Reynolds numbers of the turning points, T 1 and T 2 , also gradually increased. Thus, the margin of the region of the stable asymmetric flow also increased in regard to the Reynolds number. The type of the flow bifurcations in the range is similar to that of Fig. 5 . It should be noted that, in the aspect ratio range investigated, the stable symmetric flow state existed in the full range of Reynolds number investigated. Figure 9 shows the regions of Reynolds numbers for all stable flow states with the increase in AR. For an AR less than 0.544, a stable symmetric flow state could be found in the full region of aspect ratios investigated, but the asymmetric flow state did not exist in the region. When the AR ranged between 0.55 and 0.585, the region of the asymmetric flow gradually augmented in a high Reynolds number region. However, a stable symmetric flow was only found in the region of a small Reynolds number. For the case with AR equal to 0.75, at the lowest Reynolds number, Re 350, an asymmetric flow could be observed. When the aspect ratio was greater than 0.823, a stable symmetric flow could again be found in a high Reynolds number region. Then, with the increased aspect ratio, the critical Reynolds number of the symmetric flow gradually decreased. When the aspect ratio was equal to 0.87715, a stable symmetric flow state could be found in the full region of Reynolds numbers investigated. Table 1 lists detailed information on the values of Reynolds numbers at the pitchfork bifurcation points. 
CONCLUSIONS
This study has presented a continuation method to calculate flow bifurcation in a two-sided lid-driven cavity with different aspect ratios (0.5  AR  1) for parallel motion. Comprehensive bifurcation diagrams of the cavity flows with different aspect ratios of the cavities were derived via Keller's continuation method and accompanied with a linear stability analysis to identify the nature of the various flow solutions. The Reynolds number (1  Re 2000) was used as the continuation parameter to trace the solution curves. When AR 0.54, two symmetry-breaking points were identified, and between the two points there were only asymmetric solutions in the region of the Reynolds numbers.
The evolution of the bifurcation diagrams in cases with different aspect ratios has been illustrated. The three different types of bifurcation diagrams and their corresponding flow states were classified according to the aspect ratios. In the bifurcation diagrams, one stable symmetric flow and one stable asymmetric flow were identified, and the regions of the stable flows in the aspect ratios and Reynolds numbers were distinguished. The stable asymmetric flow state could be obtained at an aspect ratio ranging from 0.54 to 1 and at a low Reynolds number. In cases with the aspect ratio less than 0.54, only a symmetric stable two-vortex flow state existed in the bifurcation diagrams without any bifurcation branch for 0 Re 2000. Furthermore, from the evolutions of the bifurcation diagrams, with the increase in the aspect ratio, the corresponding Reynolds numbers of turning points, T 1 and T 2 , also gradually increase. Therefore, it could be speculated that, there exists a critical value of aspect ratio. While the aspect ratio is greater than 0.54 but less than the critical value, the asymmetric stable two-vortex flow would exist for Reynolds numbers from 0 to 2000. The results will prove useful for designers who will be able to obtain specific flow states by adjusting the moving speed of the walls in practical experiments.
